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Abstract 

in 

Twisted Alexander invariants of knots are well-defined up to multiplication of units. 
^ ■ We get rid of this multiplicative ambiguity via a combinatorial method and define 

^ [ normalized twisted Alexander invariants. We can show that the invariants coincide 

with sign-determined Reidemeister torsion in a normalized setting and refine the duality 
theorem. As an application, we obtain stronger necessary conditions for a knot to be 
fibered than those previously known. Finally, we study a behavior of the highest degree of 
the normalized invariant. 
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o : 1 Introduction 

Twisted Alexander invariants, which coincide with Reidemeister torsion ( llKil . HKLH ). were 
introduced for knots in the 3-sphere by Lin fD] and generally for finitely presentable groups 
^ I by Wada HWadH . They were given a natural topological definition by using twisted homology 
I groups in the notable work of Kirk and Livingston I KLj . Many properties of the classical 
Alexander polynomial were subsequently extended to the twisted case and it was shown 
that the invariants have much information on the topological structure of a space. For example, 
necessary conditions of twisted Alexander invariants for a knot to be fibered were given by 
Cha [CJ, Goda-Morifuji [GMJ, Goda-Kitano-Morifuji HGKMI and Friedl-Kim [FK]. Moreover, 
even sufficient conditions for a knot with genus 1 to be fibered were obtained by Friedl-Vidussi 
[IFVI. 

It is well known that Aj- can be normalized, for instance, by considering the skein relation. 
In this paper, we first obtain the corresponding result in twisted settings. The twisted Alexander 
invariant Ak,p associated to a linear representation p is well-defined up to multiplication of units 
in a Laurent polynomial ring. We show that the ambiguity can be eliminated via a combinatorial 
method constructed by Wada and define the normalized twisted Alexander invariant A^^p (See 
Definition 133] and Theorem |431). 



*The author is supported by Research Fellowship of the Japan Society for the Promotion of Science for Young 
Scientists. 
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Turaev [IT2II defined sign-determined Reidemeister torsion by refining the sign ambiguity 
of Reidemeister torsion for a odd-dimensional manifold and showed that the other ambiguity 
depends on the choice of Euler structures. We also normalize sign-determined Reidemeister 
torsion Tk,p for a knot and define TK,p{f). Then we prove the equality 

(Theorem 15.71) . This shows that Aj^p is a simple homotopy invariant and give rise to a refined 
version (Theorem l5.9l) of the duality theorem for twisted Alexander invariants. 

As an application, we generalize above results for fibered knots. We can define the highest 
degree and the coefficient of the highest degree term of A^^-p. We show that these values are 
completely determined for fibered knots (See Theorem 16.31) . Finally, we obtain the following 
inequality which bounds free genus gf{K) from below by using the highest degree h-deg ^k,p'- 

l\i-dtglK,p<n{2gf{K)-l). (1.1) 

(See Theorem 16. 61 ) 

This paper is organized as follows. In the next section, we first review the definition 
of twisted Alexander invariants for knots. We also describe how to compute them from a 
presentation of a knot group and the duality theorem for unitary representations. In Section 
3, we review Turaev 's sign-determined Reidemeister torsion and the relation with twisted 
Alexander invariants. In Section 4, we establish normalization of twisted Alexander invariants. 
In Section 5, we refine the correspondence with sign-determined Reidemeister torsion and the 
duality theorem for twisted Alexander invariants. Section 6 is devoted to applications. Here 
we generalize the result of Cha [O, Goda-Kitano-Morifuji HGKMH and Friedl-Kim llFKll for 
fibered knots and study a behavior of the highest degree and obtain (11.11) . 

Acknowledgement. The author would like to express his gratitude to Toshitake Kohno for 
his encouragement and helpful suggestions. He also would like to thank Hiroshi Goda, Teru- 
aki Kitano, Takayuki Morifuji and Yoshikazu Yamaguchi for fruitful discussions and advice 
and Stefan Friedl for several stimulating comments which lead to some improvements of the 
argument in this revised version. 

2 Twisted Alexander invariants 

In this section, we review twisted Alexander invariants of K following Q and HKLII . For 
a given oriented knot K in , Xti Ek '■= \ N{K), where A'^(^) denotes an open tubular 
neighborhood of K and Gk '■= niEx- We fix an element /i e Gk represented by a meridian 
of Ek and denote by a : Gk — > (t) be the abelianization homomorphism which maps /j. to the 
generator t. Let 7? be a Noetherian unique factorization domain and Q{R) the quotient field of 
R. 

We first give a definition of a twisted homology group and a twisted cohomology group. Let 
X be a connected CW-complex and X the universal covering of X. The chain complex C*(X) is 
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a left Z[7riX| -module via the action of ttiX as the deck transformations of X. We regard C*(X) 
also as a right Z[;riZ] -module by defining cr ■ y := y'^ • cr, where y e niX and cr e C*(X). For a 
linear representation p: ;riX — > GL„{R), 7?®" naturally has a left Z[7riX]-module structure. We 
define the twisted homology group Hi{X;R®") and the twisted cohomology group H'{X;R®") of 
p as follows: 

HiiX-R^") := //KC,(X) ^*"), 
H'{X-R^") := //'(Homz[.,x](C(X),7?®")). 

Definition 2.1. For a representation p: Gk — > GL„{R), we define A'^^ to be the order of the 
i-th twisted homology group Hi(EK;R[t, r']®^^), where we consider r^]®" = R[t, t~^]^R®". 
It is called the i-th twisted Alexander polynomial associated to p, which is well-defined up to 
multiplication by a unit in R[t, r']. We furthermore define 

Ak,p := ^K,p/^% e Qmt). 

It is called the twisted Alexander invariant associated to p and well-defined up to a factor rjt', 
where rj e R^ and / e Z. 

Remark 2.2. Lin's twisted Alexander polynomial defined in ||Ll| coincides with A^^. 

The homomorphisms a and a (g) p induce ring homomorphisms a: Z[Gk] Z[?, r'] and 
O : Z[Gk] — > M„(i?[?, r^]). For a knot diagram of K, we choose and fix a Wirtinger presentation 
Gk = (xi, . . .,Xm I ri, . . ., r^-i). Let us consider the (m - 1) x m matrix whose component 
is the nx n matrix O e M„(i?[?, r']), where ^ denotes Fox's free derivative with respect 
to Xj. For I < k < m, let us denote by Ad.^: the (m-l)x(m-l) matrix obtained from Aq> by 
removing the k-th column. We regard Ad, as an (m - l)n x (m - l)n matrix with coefficients in 
R[t,t-']. 

The twisted Alexander invariants can be computed from a Wirtinger presentation as follows. 
This is nothing but Wada's construction in HWadL 

Theorem 2.3 ( UHLNL HKLII ). For a representation p : Gk GLniR) and a Wirtinger presenta- 
tion {xi, . . . ,Xm \ vi, . . . , r„,_i) o/Gk, we have 



detAiDi , 
^"'^" detOfall) "^"d^'^^Wz 



for any index k. 



Remark 2.4. Wada shows in flWadll that the twisted Alexander invariant is well-defined up to 
a factor rjt'". He also shows that in case that p is a unimodular representation, the twisted 
Alexander invariant is well-defined up to a factor ±t'" if n is odd and up to only if n is even. 

It is also known that the twisted Alexander invariants have the following duality. We extend 
complex conjugation to C{t) by taking ? i-> 

Theorem 2.5 (El, HKLI ). Given a representation p: Gk — > U{n) (resp. 0(n)), we have 



AkA^) = ^K,p{t) inod {r]t'},^eR^jeZ- 
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3 Sign-determined Reidemeister torsion 

In this section, we review the definition of Turaev's sign-determined Reidemeister torsion. 
See PTll . irr21 for more details. For two bases u and v of an n-dimensional vector space over a 
field F, [u/v] denotes the determinant of the base change matrix from v to u. 

Let C, = (0 — > C„ C„_i — > • ■ • — ^ Co — > 0) be a chain complex of finite dimensional 
vector spaces over F. For given bases bi of Imdi+i and /?, of Hi(Ct), we can choose a basis 
bj U hi U bi-i of C; as follows. First, we choose a lift hj of /?,• in C;+i and obtain a basis Z?, U hj of 
Ker5;. Consider the exact sequence 

^ ImdM Kerdi Hi{C,) 0. 

Then we choose a lift bi-i of in C, and obtain a basis (bi U ^i) U bi-i of C,. Consider the 
exact sequence 

^ Ker5, ^ ^ Im5, ^ 0. 

Definition 3.1. For given bases c = (c,) of C* and h = (hi) of H^{C^), we choose a basis b = {bi) 
of Im and define 

n 

Tor(C,c,/i) := (-1)1^-1 U k U ^,_,/cj(-')"' e F\ 

where 

ICI := _^(^dimC,)(J]dim//,(C)). 

7=0 (=0 i=0 

Remark 3.2. It can be easily checked that Tor(C*, c, h) does not depend on the choices of b, bi 
and hi. 

Now let us apply the above algebraic torsion to the geometric situations. Let X be a con- 
nected finite CW-complex. By a homology orientation of X we mean an orientation of the 
homology group H^{X; R) = ^ . Hi{X; R) as a real vector space. 

Definition 3.3. For a representation p: n\X — > GL„{F) such that the twisted homology group 
H^{X\ F®") vanishes and a homology orientation o, we define the sign-determined Reidemeister 
torsion Tp{X, o) of p and o as follows. We choose a lift e, of each cell in Z and bases h of 
R) which is positively oriented with respect to o and (/i, . . . , /„) of F®". Then, 

T,(X, 0) := Tor(C(X) F®", c) e F^ 

where 

To := sgnTor(C*(X; R), c, /i), 

c := (gi (g) /i, ei (g) /„,... , gj™c. ®fi,..., edimc, ® 
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Remark 3.4. It is known that Tp(X, o) does not depend on the choice of e,, h and (/i , . . . , /„) and 
is well-defined as a simple homotopy invariant up to multiplication of an element in Im(det op). 
SeeflTH. 

Here let us consider the knot exterior Ek- In this case, we can equip Ek with its canonical 
homology orientation ojk as follows. We have H<,{Ek\ K.) = Hq{Ek\ K.) © (0 and define cok '■ = 
[{[pt], t)], where [pt] is the homology class of a point. 

Definition 3.5. For a representation p: Gk GL„(F) such that the twisted homology group 
H^{X;F{t)®^p) vanishes, the sign-determined Reidemeister torsion TK,p{t) of p is defined by 
Ta^piEx, cok)- Here we consider a® p: Gk ^ GLn{F\t, r^]) GLn{F{t)). 

In the later section, we generalize the following theorem. 

Theorem 3.6 ( IIkH . HKLII ). For a representation p : Gk GLn(F) such that the twisted homol- 
ogy group H^(X; F{t)®^p) vanishes, we have 

A/f,p(0 = TK,p{t) mod <77f\eFxjgz. 



4 Construction 

Now we establish one of our main results. We get rid of the multiplicative ambiguity of 
twisted Alexander invariants via a combinatorial method. For f{t) = p{t)/q(t) e Q{R)(t) {p, q 6 
R\t, r^]), we define 

deg/:=degp-deg^, 

h-deg / := (the highest degree of p) - (the highest degree of q), 

1-deg/ := (the lowest degree of p) - (the lowest degree of q), 

(the coefficient of the highest degree term of p) 

c(/) := . 

(the coefficient of the highest degree term of q) 

We make use of a combinatorial group theoretical approach constructed by Wada in HWadL 

Definition 4.1. Given a finite presentable group G = (xi, . . . , jc^ I . . . , r„), the operations of 
the following types for any word w m xi, . . . , x,n, are called the strong Tietze transformations: 

la. To replace one of the relators r, by its inverse rj^ . 

lb. To replace one of the relators r, by its conjugate wriW~^ . 

Ic. To replace one of the relators r, by r,ry for any j 4^ i. 

II. To add a new generator y and a new relator yw~^ . (Namely, the resulting presentation is 

{xu...,Xni,y I ru...,r„,yw~^).) 

If a presentation is transformable to another by a finite sequence of operations of above types 
and their inverse operations, we say that the two presentations are strongly Tietze equivalent. 
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Remark 4.2. The deficiency of G does not change via the strong Tietze transformations. 
Wada shows the following lemma. 

Lemma 4.3 ( HWadH ). All the Wirtinger presentations of a given link in are strongly Tietze 
equivalent to each other. 

Let if : Z[Gk] ^ Z be the augmentation homomorphism. (Namely, (p{y) = 1 for any element 
7 of Gk-) For a fixed presentation (xi, . . . ,x,n \ ri,. . . , r,„_i ) of Gk, we denote A^ ^ and ^ by 

We eliminate the ambiguity of rjt^ in Definition 12. II as follows. 

Definition 4.4. Given a representation p: Gk GL^iR), we choose a presentation 

{xi, . . .,Xm I ri, . . . , r,„-i) of G/f which is strongly Tietze equivalent to a Wirtinger presenta- 
tion and an index 1 < k < m such that h-deg a{xk) 0. Then we define the normalized twisted 
Alexander invariant associated to p as 

6" detAoi 



A^,p : = 



(efY detO(jC;t - 1) 



where 



e := detpOu), 

6 := sgn(h-degQ'(xi)detA^,«:), 
d := ^ (h-deg det As ^t + l-degdetA^,^ - h-deg ^(^Ci)). 
Theorem 4.5. A/^p is an invariant of a linear representation p. 

Proof. From Lemma 1431 we have to check (?) the independence of the choice of k and (//) the 
invariance for each operation of Definition 14. II 

We assume that we can choose another index k' also satisfying the condition h-deg a{xk') + 
0. We set 

5' := sgn(h-dega(xk')detA^^t'), 

d' := ^ (h-deg det As -I- l-degdetAQ,,t' - h-deg a{xk')). 



Since 



we have 



7=1 ■' 



det Aa,,j-. det 0(;ci - 1) = det 



= det 



\dxk 



0(x,-l),... 



j*k ^"^J' j 



det 



-O 



dr^ 

dXy 



^{xw - 1),., 



(-1) 



n{k-k') 



detA<i,*:detO(x<:' - 1). 
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Similarly, we obtain 

detA^jt/ deta(xt - 1) = (-1)*'"''' detAa,kdeta{xk' - 1). 

Hence d' = d. Moreover, by dividing this equality hy (t - 1) and taking t ^ 1, we can see that 

h-deg a{xk) detA^,^., = (-1)*''^' h-deg aixk')detA^^k. 

Hence 6' = {-I)'''''' 6. This concludes the proof of (/). 

Next, we consider the strong Tietze transformations. Since 



the changes of each value by the transformation la, lb and Ic are as follows. By the transfor- 
mation la, detAf^j, (-1)" detA(^j„ 6 -6 and d does not change. By the transformation lb, 
det Ad, i-> (£^")deg«("') det An, jt, 6 does not change and d ^ d + deg a(w). By the transformation 
Ic and II, it is easy to see that all the values do not change. This concludes the proof of (zz). □ 

From the construction, the following lemma holds. 

Lemma 4.6. ( i)For a representation p : Gk — ^ GL,j{R), 



5(rri) 




dxj 
d(wriW'^) 



dxj 

dxi 



dxj ' dXj ' 



dri dri 



AK,p{t) = Ak,p(^) mod {e^,T]t--\^]i.j^z- 



(ii)Ifp is trivial (i.e., O = a), 



where '^k{z) is the Conway polynomial of K. 



Proof. Since (i) is clear from Theorem [23] and the definition, we prove (ii). We set 



f{t) = ^5 -r5)A^,p(0. 



It is easy to see that 



fit) = AK(t) mod (±0. 



Moreover, we can check that 



/(I) = 1, 
h-deg / + l-deg/ = 0, 



which establishes the formula. 



□ 
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5 Relation to sign-determined Reidemeister torsion 

In this section, we generalize Theorem 12.51 and Theorem I3.6[ Here we only consider the 
case that R is a field F. 

First, we also normalize sign-determined Reidemeister torsion as twisted Alexander invari- 
ants. 

Definition 5.1. For a representation p : Gk — > GL„{F) such that the twisted homology group 
H^,(Ek', F{t)®1p) vanishes, we define T^pit) as follows. We choose a lift e, in of each cell e,-, 
bases h of H^iEK, K.) which is positively oriented with respect to ojk and (/i, . . . , /„) of F{t)®". 
Then 

TkA^) ■■= Tor(C(£^) ®,^p Fitf", c) e 

where 

6 := detpOu), 

To := sgnTor(C,(£/f; R), c, h), 

d' := ^(h-degTor(C(£^) ®, Q(0, Co) + l-degTor(C(^) 0„ Q(0, Co)), 
Co := <ei (8) 1, . . .,edi,„c ® !)> 

c := <ei (gi /i, ei (gi /„,... , e^^c. /i, . . . , edimc, ® fn)- 

Remark 5.2. We can also define normalized Reidemeister torsion for a link by a similar method. 

One can prove the following lemma by a similar way as in the non-normalized case. As a 
reference, see [|T1J. 

Lemma 5.3. Tk,p is invariant under homology orientation preserving simple homotopy equiva- 
lence. 

Remark 5.4. From the result of Waldhausen HWalL the Whitehead group Wh{GK) is trivial for 
a knot group Gk in general. Therefore homotopy equivalence between finite CW-complexes 
whose fundamental groups are knot groups is simple homotopy equivalence. 

Let F be a field with (possibly trivial) involution / i-> /. We extend the involution to F{t) 
by taking t t~^. We equip F{t)®" with the standard hermitian inner product (•, •) defined by 

(v, w) := 'vVv, 

where v,w e F{t)®" and 'v is the transpose of v. For a representation p: Gk ^ GL„(F), we 
define a representation p^ : Gk ^ GL„(F) by 

p\r):=p(r'T, 

where y e Gk and A* := 'A for a matrix A. 

We can also refine the duality theorem for sign-determined Reidemeister torsion as follows. 
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Theorem 5.5. If the twisted homology group Ht{EK\ F{t)®^p) vanishes for a representation 
p : Gk GLn{F), then so does H^^Ek', F{t)®" ) and we have 



TkA^ = (-i)"r^,p(0. 

The proof is based on the following observation. Let (E^, {e[}) denote the PL manifold 
with the dual cell structure and choose a lift e' which is the dual of et. In the remainder of this 

I 

section, for abbreviation, we write 





= C^CEk) ®a Q 


(t). 


r 


= C,{Ek) ®a^p F{tf\ 


c 


= C^{dEK) 


Q(t), 


C 


= C,{dEK)®a^pF{tf\ 


c; 


= C^{Ek, SEk) 


®a Qit), 


C" 


= C^{EkMk) ®a^pF{t) 




= C,(£^) ®„ Q 


(t). 


Dp^q 


= Q(£^)®„^pt F{tr\ 


Bq 


= Im(5 : C;,i - 




Bp.q 






= Im(5 : q,, - 






= im(5 : c;,,j ^ c;,,). 



Note that since direct computation gives 

HmK\F{t)Z,) = 



(5.1) 



(See, for example, HKLl Subsection 3.3.].), we have 

dim5;. = J](-l)'-^dimC;. 



(5.2) 



= ^(-l)'"^ndimq = ndim5; 

7=0 



Similarly, if H^(Ek; F(t)®^^) = 0, then from (15.11) and the long exact sequence of the pair 
(Ek, OEk), H,{Ek, dEK, F{t)Zo) = and so 



dim5^ = ndim^;'. 

The well known inner product 

[•, •] : C,{W^) X C^.,{Ek, OEk) ^ Z[G^] 
(See, for example, jMl Lemma 2.].) defined by 

[e'lJj] := ^(e;,e^ •y"^)y, 

where (•, •) denote the intersection number, induces an inner product 



(5.3) 
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defined by 

<e- (8> V, Sj (g) w) := (v, [e-, gy] • w), 
where v,w e C{t)®". We see at once that this is well-defined. Thus 



Dp,, ^ iC;^-/- (5-4) 



The differential dq of Dp^ corresponds with {-iy'dl_^ of (C^'3_g)* under this isomorphism. Sim- 
ilarly, we have 



D, = (Cl^y. (5.5) 
Lemma 5.6. For any representation p: Gk — > GL„{F), 

H,{EK;F{t)ll^,) ^ H,.,{Ej,-F(t)Z^r. 
Proof. From (|5.4I) and the universal coefficient theorem, we can see that 

H,{Ek; F(t)ll,) = H,.,(Ek, dEr, F(t)Zpr. 
From (|5.1I) and the long exact sequence of the pair (Ek, OEk), 

H,iEK;F(t)Zp) = H,{EK,dEK\F{t)Zp). 

This completes the proof. □ 

Now we prove the theorem. 

Proof of Theorem |531 Lemma [5]6] gives the first assertion. We use the notation of Definition 
15.11 We choose an orthonormal basis (fi, ...,/„) of F{t)®" with respect to the hermitian product 
(•, •) defined above. Let c', c" , c'^, c'^, c' and c" be induced bases of C^idEK), C^^{Ek, BEk), Q, 
C", C'p ,, and C^', by c, Cq and c. We set 

= (gj, . . . , ej,„,c,), 
= {e\®l,...,e',,^c,®\), 

= {e\®fx,...,e\®fn,..., e^i,„c. ® /i , • • • , e'^imc, ® fn)- 



Co 



From (15.41) and the duality for algebraic torsion ( [|T2l Theorem 1.9]), 

Tor(Dp,„C*) = (_l)2.dimB;,_,dimB;,^^^(^,,^^g,,^_ 

On the other hand, from the exact sequence 



^ c;, ^ Cp,. ^ c;, ^ o 



and the multiplicativity for algebraic torsion ( [|T2l Theorem 1.5]), 

Tor(Cp,,c) = (-l)2''^™Vi'i-^;'.Tor(C;„c')Tor(C;;„c"). 
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Therefore, we obtain 

Tor(Cp,., c) = (_i)2-(dimfi;,_,+dimB;;,_.)dimB;',, Tor(C;„ c')Tor(Dp,„ c*). (5.6) 

Similarly, 

Tor(C„ Co) = (-i)2-(dimB;_,+dimB;:,)dimB;' joriC:, c^))Tor(D„ c*,). (5.7) 

We set 

d" := ^(h-degTor(C:,c;) + l-degTor(C:,c;)), 
d* := ^(h-deg Tor(D„ c*) + 1-deg Tor(Z)„ c^)). 

From (|5.7I) . we have 

d' = d"-d*. (5.8) 
From Lemma 14^ 11) and Theorem 15. 7[ 

limTo(r5 - rbTor(Cco) = -V^O) 

= -1. 

Similarly, 

limT;(?^ - r^)Tor(D„Co) = -1, 

where 

tI := sgnTor(a(E'j,;R), c*,h). 
By multiply (15.71) by (?5 - r^) and taking ? ^ 1, we obtain 

To = _(_l)2KdimB;_.+dimB;:,)dimB;'^,^*^ 

where 



limTor(C^,Co). 



From dH, dH, dH, dU) and dSl, 



T 

^0 



7^^^p« = ^Tor(C,„c) 



Direct computation gives 



Tor(C:,c,',) = T/" 



(See, for example, |KLi Subsection 3.3.].) Since the normalized invariants do not change via 
conjugation of representations, we can assume p(ju) and p(A) are diagonal matrices. This de- 
duces 

Tor(C;,,c') = (T;)W)'". 
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Thus 



(,,.)."Tor(C;,,c') = l. 



It can be easily seen that 



This proves the theorem. □ 

hi the normalized setting, Theorem 13 .61 also holds. 

Theorem 5.7. For a representation p: Gk GLn{F) such that the twisted homology group 
H^{Ek\ F{t)^^p) vanishes, we have 

Proof. We choose a Wirtinger presentation Gk = . . .,Xm I ri, . . ., r,„_i) and take the CW- 
complex W corresponding with the presentation. Namely, W has one vertex, m edges and 
(m - 1) 2-cells attached by the relations ri, . . . , r,„_i. Let the words xi, . . . , x,n and ri, . . . , r,„_i 
also denote the cells. It is easy to see that the exterior Ek collapses to W. This implies that W 
is simple homotopy equivalent to Ek from Remark [54l Thus we can compute the normalized 
torsion Tk,p as that of W from Lemma [53l 
C(1¥;R) is 



m-l 



7=1 i=l 



Ipt 



0, 



where 



5i =0, 

Let Co = pt, Ci = {xi, . . . , x,n) and C2 = (ri, . . . , V-i). We choose Z^i = dc2 and /?o = 
^1 = fe] (1 < ^ < m). Then 

To = SgnC-l)'^*^"^'^'-:^ 

[/?o/Co][&l/C2] 

0^ 



= - sgn det 







Oj 



= (-l)*^+'"+'(5. 
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We define an involution • : Z[Gk] — > 1\Gk\ by extending the inverse operation y i-> y ' of 
Gk linearly. We can choose lifts pt, Xi and fj such that C*{W) ®a!gip F{t)®" is 



l<j<m-l,l<l<n 

where 



^F(t)(pt®f,) ^ 0, 



l<i<m,l<l<n 



l</<n 



~di{fj ®fi) = Yj ® ^ 



i=\ 



dxtj 



fi- 



Let Cq = (pt®fi,...,pt® fn), c\ = {xi® fu...,xi® fn, x,„ ® fu---,x,„® fn) and C2 = 
<ri (8) /i, ri (8> /„,... , r„,_i O /i, . . . , r,„_i /„). We choose Z?,, = 5(x;t ® f\, . . . ,Xk® fn) and 
Z?; = 5c2. Since the twisted homology group H,{W; F{t)®lp) vanishes, \C,{W) ®„®p = 

and so 



Tor(a(W^) ®««p F{tf\ (Co, ci, C2)) 



[^o/c[,][S;/4] 



det 



0^ 



/ 



oj 



detO(;c<: - 1) 

det^ofl^ 



(-1) 



n(k+m) 



Similarly, we have 



Tor(C(^y) ®a Q(t), (Co,Ci,C2)) = (-1) 



(k+m) 



det^O(;Cjt - 1) 



detlSlg 



deta(xk - 1) 



Hence d' = -d and so 



where we consider the trivial involution on F. From Theorem 15 .51 we obtain the desired for- 
mula. □ 

From the above theorems and the following lemma, we have the duality theorem for nor- 
malized twisted Alexander invariants. 
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Lemma 5.8. IfH^iEK', F(t)^'^p) does not vanish, then we have 

AK,p(t) = Ajf,pi(0 = 0. 

Proof. If H^,(Ek; F(t)®^p) does not vanish, then neither does H^{Ek', ) from Lemma [S!6l 

Since 

2 

Y,^imH^{EK\F{t)Z,) = nxiEK) 

= 0, 

from the assumption and (|5.1I) . we have Hi(Efc; F(t)®^p) 4^ and so A/s:p(0 = 0. Similarly, we 
obtain A^pt(0 = 0, which proves the lemma. □ 

Theorem 5.9. Given a representation p: Gk — ^ GL„{F), we have 



Aj,,pt(0 = (-l)"A^,p(0. 

For a unitary representation p, the difference between the highest coefficient of A/f p(?) and 
the lowest coefficient of it is not clear from Theorem 12.51 because of the ambiguity. However, 
this difference is strictly determined from the following corollary. 

Corollary 5.10. For a representation p: Gk U(n) or 0(n), we have 



Aj,,p(0 = (-l)"A^,p(0. 

Example 5.1 1. Let K be the {p, q) torus knot {p,q> 1 and {p, q) = 1). It is well known that the 
knot group has a presentation 

GK = {x,y\x''y-''), 

where h-dega(x) = q and h-degQr(j) = p. The 2-dimensional complex W corresponding with 
this presentation is K{Gk, 1). Therefore we can use this presentation for the computation via 
Lemma [531 Remark [541 and Theorem 15.71 

From the result of Klassen |[KI1 . all the irreducible S f/(2)-representations up to conjugation 
are given as follows: 

PaAs- Gk ^ SU{2) : 



X 



COS ^ + z sin ^ 

cos22 -/sin22/' 

p p ' 



/cos — + i sin — cos ns sin — sin ns 

I _ sin 22 sin ns cos — - i sin — cos ns 

'1 11 



where a,b e \ < a < p - \, I <b<q-l,a = b mod 2 and < * < 1. The normalized 
twisted Alexander invariants of the torus knot for these representations are as follows: 

~ _ (t- - (-Yft - f 



{tP - 2 COS Y + ?"^)(?^ - 2 cos ^ + r"?) 



Normalization of twisted Alexander invariants 
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6 Applications 

Now we consider applications of the normalized invariants. First we generalize the result of 
Goda-Kitano-Morifuji and Friedl-Kim. We denote by g(K) the genus of K. 
Their results are as follows. 

Theorem 6.1 ( HGKMII ). For a fibered knot K and a unimodular representation p: Gk — > 
S L2n(F), c(Ajf p) is well-defined and is 1. 

Theorem 6.2 dlCl . UFKH ). For a fibered knot K and a representation p: Gk — > GL„(R), A^^ is 
a monic polynomial and deg A/^p = n(2g{K) - 1), where "monic" means that the highest and 
lowest coefficients of a polynomial are units. 

In the normalized setting, we have the following theorem. 

Theorem 6.3. For a fibered knot K and a representation p: Gk — > GLniR), 

degAj,,p = 2h-degAj,,p = n{2g{K) - 1), 
c(A^,p) = c(V^r6^(^)-i 

Proof. The equality deg A/^ p = n{2g{K) - 1) can be obtained from Theorem |6.2[ Since we have 
Akjop = ^K,p, where / is the natural inclusion GL„{R) ^ GL„(Q{R)), we can assume i? is a field 
F. 

Let ^ denote the automorphism of a surface group induced by the monodromy map. We can 
take the following presentation of the knot group by using the fibered structure: 

(xu ■ ■ ■,X2g,h I r; := hxih'^i//^(xiy\ I <i < 2g(K)) 

where = 1 for all / and a{h) = t. It is easy to see that the corresponding CW-complex 
is homotopy equivalent to the exterior Ek- Thus we can compute the invariant by using the 
presentation as in Example 15. Ill 
Since 

dx^ - \-'^ i^r 

we have 

detAa,2gw+i = ^^^^^^ + • • • + 1, 
det 2,,i = + . . . + det((D(^^^)), 

dXj 

detO(/z-l) = 6Z'" + --- + (-l)". 

From the classical theorem of Neuwirth which states that the degree of the Alexander polyno- 
mial of a fibered knot equals the twice genus, we can determine that the lowest degree term of 
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the first equality is 1. Since 



6 



f=i 



d 




h-deg Aj,,p = nigiK) - i) and c(A^,p) = c(V^)"62«(^)-^ 



□ 



Next we study a behavior of the highest degree of a normalized invariant. 

Definition 6.4. A Seifert surface for a knot K is said to be canonical if it is obtained from a 
diagram of K by applying the Seifert algorithm. The minimum genus over all canonical Seifert 
surfaces is called the canonical genus and denoted by gdK). A Seifert surface S is said to be 
free if ;7ri(5 ^ \ 5 ) is a free group. This condition is equivalent to that 5 ^ \ N(S ) is a handlebody, 
where N{S ) is an open regular neighborhood of S . The minimum genus over all free Seifert 
surfaces is called the free genus and denoted by gf{K). 

Remark 6.5. Since every canonical Seifert surfaces is free, we have the following fundamental 
inequality: 



We obtain an estimate of free genus from below via the highest degree of the invariants. 
Theorem 6.6. For a representation p: Gk — > GL„{R), the following inequality holds: 



Proof. We choose a free Seifert surface S with genus gf(K) and take a bicoUar 5 x [-1, 1] of 5 
such that 5x0 = 5. Let l+: 5 > 5^ \ 5 be the embeddings whose images are 5 x{+l}. Picking 
generator sets {ai, . . . , a2gj-(K)} of ;7ri5 and {xi,..., X2gf(K)} of 7ri(5 \ 5 ) and setting w,- := (i+)*(a;) 
and V,- := for all i, we have a presentation 



of Gk where a(Xi) = 1 for all / and a(h) = t. 

Collapsing surfaces 5 x * and the handlebody 5^ \ (5 x [-1, 1]) to bouquets, we can realize 
the 2-dimensional complex corresponding with this presentation as a deformation retract of Ek- 
Therefore we can compute the invariant by using the presentation as in Example lS.l II 

Since 



g(K) < gf(K) < g,(K). 



2h-dcgAK,p<n(2gf(K)-\). 



(xi,..., X2gf(K), h I r,- := huih v,- , 1 < z < 2gf{K)) 




we have 



h-deg A/f^p = h-degdetA<i,,2g^(/r)+i - nd - n 
< 2ngf(K) — nd - n. 



Normalization of twisted Alexander invariants 
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The proof is completed by showing that d = gf(K) - j. 



Let V be the Seifert matrix with respect to the basis [a\], . . . ,[a2gf{K)] G Hi(S;Z) and 
[aiY, . . ., [a2gf(K)Y e Hi(S^\S;Z) the dual basis, i. e. //:([«,], [aj]*) = 6ij. We denote by A+ the 
matrices representing : Hi(S ; Z) — » Hi(S^\S ; Z) with respect to the bases [aj, . . . , [a2g/(A:)] 
and [jci], . . . , [x2gf{K)] and by P the base change matrix of Hi(S ^ \ 5 ; Z) from [jci], . . . , [x2gf{K)] 

to [fli]*, . . . , [a2gf(K)T- 

It is well known that the matrices representing and : Hi(S;Z) — > Hi(S^ \ S;Z) 
with respect to the bases [oi], . . . , [fl2g/(2f)] and [ai]*, . . . , [a2g^(/f)]* are V and 'V. Hence 



Example 6.7. Let K be the knot 1 1„ 73 illustrated in Figure 1. The normalized Alexander poly- 
nomial of isT is - 2r + 3 - 2r^ + r^. 



The Wirtinger presentation of the diagram in Figure 1 consists of 11 generators and 10 
relations: 



AQiAa^2gf(K)+\ = det(M+ - 'A.) 



= det(?A+ - A_) 
= det(tPV - P'V) 

= +detay-'y). 



and d = gf(K) - j as required. 



□ 




Figure 1 




XiqX^X^qX^ 
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Let p : Gk 5L2(F2) be a nonabelian representation over F2 defined as follows: 

, if / = 4, 8 







0^ 




























p 





if i = l,9 
otherwise 



From them, We have the following: 



AK,pit) = t + t + t +t . 



Since deg A/^p 2(deg Ak - 1), K is not fibered. 
Moreover, from Proposition [6]6l 



Therefore 



10 < 2{2gf{K) - 1). 
gf(K) > 3. 



On the other hand, we obtain a canonical Seifert surface with genus 3 by applying the Seifert 
algorithm to the diagram in Figure 1 . Thus 

gf(K) < g,(K) < 3. 

By these inequalities we conclude 

gfiK) = g,iK) = 3. 
Remark 6.8. From the result of Friedl and Kim PFKL 

dcgAK,p<n(2g(K)-l). 
Therefore g(K) also equals 3 in the above example. 
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